ON A CLASS OF SCHRODINGER SYSTEMS WITH 
LOCAL AND NONLOCAL NONLINEARITIES - PARTI 



HICHEM HAJAIEJ 

Abstract. In this first part, we study existence and uniqueness of 
solutions of a general nonlinear Schrodinger system in the presence 
of diamagnetic field, local and nonlocal nonlinearities. 



1. Introduction and main results 

1.1. Introduction. In this paper, we aim to study the following Cauchy 
problem of an m-coupled nonlinear Schrodinger equations with electro- 
magnetic potentials, local and nonlocal nonlinearities 
(1.1) 

idt^, = La^j + V{x)^j - g,{\xl |<l>i|2, . . . , - Z * /i(|<l>,|)^^$„ 

l<i<m, 

where, for all 1 < j < m, <I)° : ^ C, : M+ x ^ C, 
h : M"*" — )■ M"*" continuous and non-decreasing, V : — > M and A : 
— )■ represent electric and magnetic potentials satisfying suitable 
assumptions that will be stated in the following. The magnetic operator 
La is defined as 

V \^ 2 1 

Aix) 4)= -Acf)- -A(x) ■V(t>+\A(x)\^(t)- - div A(x)(l). 

1/1 1 

The magnetic field i? is i? = V x A in and can be thought (and 
identified) in general dimension as a 2-form "H^ of coefficients {diAj — 
djAi). We will keep using the notation B = V x A in any dimension 
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In various relevant cases, it is possible to write (11. ip in the following 
vectorial form 



' at 



where $° = ($5, • 

m 

i=i 

^ m 



$(0,x) = 



, $[^) and we have set 



V 



A{x) 



dx 



V{x)\^^dx - / G{\xl 



W,,{\x-y\)h{\^,{x)\)h{\^,{y)\)dxdy, 

where Wij = Wji and such as h satisfy suitable assumptions that will be 
stated in the following. Moreover, we observe that G : (0, oo) x M™ — )■ M 
satisfy the following conditions 

_ /I I 2 2 \ 

~ 9j{\^\j ^1: ■ ■ ■ 5 ^m)y 

for every j = 1, . . . ,m. We look for a soliton or standing wave of (II. ip . 
namely a solution of the form x) = x), . . . , ^m{t, x)), where 



pN 



for I < j < m, ^j{t, x) = e^^^Uj{x), Xj real numbers and Uj : 
Therefore, U = {ui, . . . , Um) is a solution of the following mxm elliptic 
problem: 
fl.2) 

LaUj + {V{x) - Xj)Uj - gj{\x\, . . . , \Um\'^)Uj - Wij * h{\Ui\)^^-j^% 



i=l 



for all 1 < J < m. 



We point out that the general Schrodinger system (II. ip we aim to 
study contains, as particular cases, physically meaningful situations as 
in Section 1.1 in [9]. 

1.2. Preliminaries and Notations. Since we want that the compos- 
ite functions 

X ^ G{\x\,Ui{x), ■ ■ ■ ,Um{x)) 

are measurable on for every Ui, . . . ,Um G M(R^), where M(M^) 
is the set of measurable functions on M^, we deal with the following G 
of Caratheodory type: 
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Definition 1.1. A function G : (0, oo) xM™- M. is an m-Caratheodory 
function if 

(1) G{-, Si, . . . , Sm) '■ (0, oo) — i- M measurable on (0, oo) \ r, where 
r is a subset of (0, oo) having one dimension measure zero, for 
all si, . . . , > 0, 

(2) For alll < n < m, every (m— 1) tuple Si > andr G (0, oo)\r, 
the function 

Sn ^ G{r, . . . , Sn, • • • ) 

is continuous on M. 

Throughout this paper we denote by H\ = H\{R^) = {H\{R^))"' 
where H\ = H\(R^) is the Hilbert space defined as the closure of 
C^(M^; C) under the scalar product 



(m, v)h^ = ^ J (Du ■ Dv + uv) dx 



where Du = {Diu, . . . ,D]\fu) and Dj = i ^dj — Aj{x), with induced 
norm 



-Vu — A{x)u 
i 



dx + ImP dx < oo. 



Recall that the diamagnetic inequality 
^1.3) |V|u|| < ' 



A{x) u 



holds for every u G H\{M.^). The space "H^ is equipped with the stan- 
dard norm ||<l>||^i = IK? - A{x))^?c2 + H^H^a where £p = £p(M^) = 
(LP(M^))"^ and the norm = Y.T=i for every $ = ($1,...,$, 

£P. We denote by L^(M^) with g > 1 the weak L'?-space (see ^) de- 
fined as the set of measurable functions / equipped with the norm 

11/11,,^= sup (MiD))-'/'^' [ \fix)\dx<oo, - + -=1, 

DcR^, M{D)<oo J D Q Q 

where M denotes the Lebesque measure on M^. The dual space of 
is denoted by Wa- We denote Ti^ = n^R^) = {H^R^))"" equipped 
with the standard norm = ||V$||^2 + and n^^R'^) = 

(if-i(M^))™. Clearly, by ((13) the following Lemma holds: 
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Lemma 1.2. The space T-L\ is continuously embedded in for all p G 

2N 
N-2 



[2, 2*] where 2* = for N > 3 and there exists C > independent 



on A such that 

\\u\\cp < Cll^ll-Hi^ 

Furthermore, {D')' = D'' C %' a where p' denotes the conjugate of p. 

Recall that by C(J, X) is the space of continuous functions / — > X 
equipped with the unoform norm when / is bounded. By T>[I,X), we 
denote the space C^{I, X) of the C°° functions / — > X with compact 
support in I, equipped with the uniform norm of all derivatives on I. 
By 1^(1, X) the Banach space of measurable function 7 — > X such that 
the norm 



\U\\lp{I,X) 



1 Esssup ifp = oo 



is finite. We denote by W'^'P{I, X) the Banach space of measurable 
functions I ^ X such that ^ e 1^(7, X) for every j — 1, . . . ,m 
equipped with the norm 

m , • 

\\u\\wm,P{I,X) = \\-^\\LPiI,X)- 

C"^'"(/, X) for < a < 1 is the Banach space of uniformly continuous 
and bounded functions with all their derivatives respect to t such that 



\u 



lc"".«(7,X) " + sup 



dV^ dt" 



\t - 



; e / > < oo. 



Furthermore, we denote by £(X, Y) the Banach space of linear, con- 
tinuous operators from the Banach spaces X and Y equipped with the 
norm topology. 



2. Local well-posedness 

2.1. Assumptions on the magnetic potential. We suppose that ^4 
is a smooth function, namely A e C°°(M^,M^) and there exist some 
constant > 0, a e N" such that: 

{A) ya e N", \a\ > 1, sup^^^^ \d^A\ < C« 

(B) 3e > 0, y\a\ > 1, sup,^^. \d^B\ < (x)"^"^ . 
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2.2. Assumptions on the external potentials. We suppose that 
the external potentials satisfy: 

(V) V e LP(R^, M) or y : M, y e LP + L°° for some p > 1, 

P > N/2; 

(W) Wij : — 7> M+ is an even, non-increasing function, iyjj(|a;|) e 
L«(M^) with q > max{l,Ar/4} and = Wji for all i,j = 
l,...,m. 

2.3. Assumptions on the local nonlinearities. On the local non- 
linearities, we assume that 

(g) For every j = 1, . . . ,m, the complex valued functions fj{x, $) = 

gfj(|x|, , are measurable in a; G and continuous 

in $ e C™" almost everywhere on M^. Assume that there exist constant 
C and a e [0, ^) {a G [0, oo) if = 2) such that 

\fj{x,-^)-fj{x,^)\ < C(|$r + |*r) |*-$|, for almost aU x eR^ and aU * e C". 
Observe that fj{x, 0) = 0. 



(G) There exists K > such that, for all r > and si, . . . , > 0, we 
have 



7V-2 

j=i j=i 



Remcirk 2.1. The local term in the energy functional Fa is finite 
thanks to (G). Indeed, we have 



J J J 



3\ 



For every j = 1, . . . , m, by the Gagliardo-Nirenberg and Diamagnetic 
inequalities, we have that 



A 



where aj — 2Q +2) • Since aj must belong to [0, 1), we find that < 



I- < 

h ^ jv-2- 
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2.4. Assumptions on the nonlocal nonlinearities. On the nonlo- 
cal nonlinearity, we assume: 

(h) h : —7- is and non-decreasing, h{0) = and there exist 
C,D,E > such that 



h{s) < Cs", \h'{s)\ < Ds^'-\ \h"{s)\ < Es"-^, 
for all s G M^, where 

, , 6q-l N -2 

2.1 2<u<— . 

^ ^ 2q N 

Notice that this inequality is nonempty due to the condition q > N/i. 

Remark 2.2. If we set H(s) = ^^-j^ for all s G M^, there is a positive 
constant C > such that 

(2.2) 

\H{\z\)z - H{\w\)w\ < + \w\f'-^)\z - w\, for all w G C, 

(2.3) 

\h{\z\) - h{\w\)\ < Cilzl"-^ + \w\''-^)\z - w\, for all z,weC. 



This easily follows in light of the growth conditions of the maps {s i— )■ 
h'{s),h"{s)} contained in assumption (h). For the proof of inequal- 
ity (12.21) . see for instance j5l inequality (2-1) of Lemma 2.1] applied 
with A(?7) := H{\ri\)r] : M^. The only required condition is [H 

condition (1-3)], which is indeed fulfilled in view of the growths for h' 
and h" assumed in (h). 

Remark 2.3. Since assumptions (h) and {W) hold true, by the Hardy- 
Littlewood-Sobolev inequality for weak L'^ kernels (cf. [71 formula (7), 
p. 107]), by the Gagliardo-Nirenberg and the diamagnetic inequality, 
one can prove that the nonlocal term involved in the energy functional 
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Fa is always finite. Indeed, we have 



ii%r 



lL2 



'V 



V 



L2 



L2 



'v 



V 



X 



A(a;) $ 



- A(x)J $ 



£2 



£2 



iifl-ATfi- (221:1) 



)]^tM(l-^)] 



X 



V 



A{x) $ 



£2 



where = ||$j(t)||^2 and rtij = ||$j(t)||^2 for all i,j = l,...,m. 
Observe that, in order to have 2 < 2g/i/(2g — 1) < 2*, /i must belong 
to the range 2 < fi < 2*{2q — l)/2g, which is compatible with the one 
in (h), which is smaller. 



2.5. Local well-posedness. In this section, we want to establish the 
local well posedness of the Cauchy problem (II. ip 

idt^, - La^, - Vix)^, + g,i\xl |<l>ip, . . . , + £ W., * him^^, = 0, 



i=l 



$,(0,x) = <l'0(x), 
for all 1 < j < m, 
or equivalently. 



(2.4) 



idt^ - La^ + g{^) = 0, 
$(0,x) = <I)°(x), 
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where, for every j = 1, ,m,gj{^) = -gij{^)+g2,j{^)+g3,j{^) with 

gij{^) = V{x)^j, ^2,i($) = and ^3,,(<l>) = 

m h'(\^\) 

^ Wij*h{\^i\)—T^4^^j. Observe that La is a self-adjoint, > operator 

i=i ^ 

on C^, iLa is skew-adjoint and generates a group of isometries {T{t)}tm. 
where T{t) = e"**^-^ in C^. Furthermore, the following lemma holds 

Lemma 2.4. If e > and 1 < p < oo, then {I + eLa)'^ is continuous 
CP^a and + eLA)-'\\cicr',cr') < 1. 

Proof. We adapt the proof of Lemma 9.1.3 in [2j. In our case, we deal 
with and the operator A is La- □ 

Proposition 2.5. By assumptions {V), {W), {g) and {h) for suitable 
choice of Tk and pk (see Examples 1 to 4 in Section 4-2 in we have 
that gk,k = 1, 2, 3 satisfy the following conditions 

(1) gk G C{'Ha,'H'a) md there exists Gk G (7^(7/^, R) such that 
9 k = G'k' 

(2) there exist Vk, Pk e [2,^) (rk,Pk G [2, oo) if n = I, rk,Pk e 
[2, oo) ifN = 2) such that gk : n\ ^ Cp'^ ^ U'a; 

(3) for every M > 0, there exists C{M) < oo such that 

(2.5) \\~gkm-~gkm\c^i < C(Af ) - $1^., , fork = l,2,3, 

for every vp, ^ e Ha such that W'^Wn^ + \\^\\h\ < M; 

(4) for every $ G 'H\ and j = 1, m, 

(2.6) 3(^fcj($)$7) = a.e. onR^. 

Proof. We start with cji. Condition ([T]) is satisfied since for every j = 
l,...,m, gij satisfies it on H\ and H^^ and G'i($) = ^JV{x)\^\'^ 
for all $ G Ha- © and (12. 5p follow since they are satisfied by each 
component gij for every j = 1, . . . , m in the spaces with s = Pi, Vi 
where ri = pi = and by the definition of the norm in the spaces 
the diamagnetic and Sobolev inequalities. Indeed, 

<cm%\\^,-^,\\'''\,^ 

for pi G [2,2*) and ri which satisfies 
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The choice of pi = ^ leads to ri = pi e [2, 2*) since p > y- Finally, 
( 12. 6p follows since V is real valued. Condition ([T]) is satisfied by g2 since 
each component g2.j, for every j = 1, m, satisfies it on H\ and H^^ 
and G2($) = / G{\x\, |<l>i|2, . . . , ([2]) and ([23]) follow easily from 

the local Lipschitz assumption in (g), diamagnetic inequality, Sobolev 
embedding )■ and for r2 = p2 = a + 2. Indeed, by assumption 



ih.m - ~g2,m\\[i'. 



\gj{\x\, l^il^ . . . , l^^n^j - gj{\x\, |$i|^ . . . , \^m\^)^j 



< c( \m7e' + mZ' ] 11^ - n'^r, < c{m) - . 



where ^2,^2 G [2,2*) satisfy 

2<e 



ap2r2 



< 2*. 



r2- P2 

The choice of r2 = p2 = + 2 leads to2<a + 2<2* which is com- 
patible with the range of a. Also (12. 6p is obvious since each g2j is real 
valued. Finally, we deal with g^. holds since for every j = 1, ....,m, 
gsj satisfies it on H\ and H^^ and G'3($) = | X]rj=i // ~ 
y\)h{\^i{x)\)h{\^j{y)\) dxdy. ([2]) holds since, for each component, by 
Holder inequality, assumption (h) and Hardy-Littlewood-Sobolev in- 
equality, we have 



IIL n 

i=l ^ 



< 



i=l 



P3P3 N P3~P3 
P3 



P3 



i=i 



I Pa 



m 



P3-P3 

P3 



P3 

|P3 ^ P3 



|<J).|P3(/^-l) \ "3 



P3 



1 P3 . 

1=1 1=1 

where p = 2p-^q-2q-p3 ^ [2)2*) which satisfies 

'2<p3(p-l) <2* 
2 < p= m < 2! 

, M — 2p3g-2(j-p3 



LP3(m-1) 
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ic 
2q~ 



Observe that the choice of ps = in the above inequahties leads to 
the restriction 

2*(2g- 1) 

which is compatible with the range of /x in condition (h). Condition 
f l2.5p is also satisfied since, for each component, we have 



III n 

m 



i=l 



where, for z = 1, . . . , m we have set 



h 
Ji 



"3 /^mD^^. _ h'{\^,\) ^^ Pa 



1^, 



1$, 



I 



Pa 



By virtue of Holder inequality, condition 02.21) related to (h), Hardy- 
Littlewood-Sobolev and Sobolev inequalities, we have that 



P3 



Pi 



< 



P3 . P3-^ 



i7(|v^,|)vl/,.-i/(|$,|)$, 



P3 



P3 

P3 \ "3 



r ro — 



P3 
L''3 



<C{M)\\^,~^,\\l%, 
where G [2, 2*) and G [2, 2*) satisfy the following conditions 



(2.7) 



2<pp<2* 

2 < (A'-2)r3P3 ^ 2* 
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the above inequalities are 
4g 



Observe that, by the choice of pa 
satisfied by 

(2.8) 



< rs < 



2*(2g - 1) - 4g(/i - 2) " ' " 6g - 1 - Iq^i' 

The range of p in assumption (h) ensures that G [2,2*). Deahng 
with the second term in the above sum, by means of condition (12. 3p 
related to (/i), we have 

p'.i p'-i 



Ji 



w,,*{h{\^>,\)-hm)) ■ h'{\^,\) 

w,,*{h{\^,\)~h{m)) 



P3 . P3~^ 
P3-2 \ P3-1 



< 



J II 2,P3(m-1) 

X 



PZ 



P3 



<c||w^..irAII(MI^.I)-MI*.l)ll2^.ll$, 



< c\\w, 



P'z ( llcf, ||P3(M-1) I IIO; ||P3(M-1) 



III (p-l)pr3 
L (''3-P) 



L ('■3-p) 



pzq 



where p = „ „ 
ing conditions 



and p3 G [2, 2*) and ra G [2, 2*) satisfy the foUow- 



2<P3(p-l)<2* 
2 < (m-i)p''3 



(M-1)P3'?T-3 



< 2* 



2p3qr3-2qr3-p3r3-p3q 

Observe again that, choosing = i^zii the second inequalities are 
satisfied by the same value of found for the second equations in 
(12771). So 

\\u'^)-umcp'3<c{M)\\^> -ncrk 



(12. 6p is obvious since W^ij, and h' are real- valued. 



□ 



So g satisfy ([T]) to (12. 6p and, in particular, assumptions like (4.2.1) — 
(4.2.4) in Section 4.2 or like (4.6.3) — (4.6.6) in Section 4.6 in Cazenave 
[2]. Consequently, by Remark 4.2.9 and Remark 4.2.13 or Remark 
4.6.3 in [2], we are able to establish the local well-posedness of the 
above Cauchy problem in 'H\. Observe that we assume the "a priori" 
information that solutions are unique since uniqueness is proved by 
methods which are strictly related to the type of nonlinearity and, in 
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the following, we establish a result which ensures it. Now, we give the 
details of the proof. Recall that the energy functional is defined as 

// W,,{\x-y\)h{\M^)\)h{\<i>,{y)\)dxdy 



- A{x) $ 



G'i(<l>)-G'2($)-G3($) 



and we denote by G'($) = G'i($) - G'2($) - G'3($) for every $ G K^. 
It follows that Fa E C^{U\, M) and that 

F'^{^) = LA^-m)- 

Remark. In assumption ([T]), we require that g : "H^ — )■ "H^ as does 
and that g is the gradient of some functional G since we can define the 
energy. Indeed, the conservation of energy is essential in our proof of 
local existence. (j2]) requires that g is slightly better than a mapping 
Ha "H'a and assumption ( 12. 5 p is a form of local Lipschitz condition. 
Finally, fl2.6p implies the conservation of charge that is essential for our 
proof. 

Proposition 2.6. Let A satisfy (A) and (B) with some constants 
(Ca)oeN" (ind assume (V), (W), (g) and (h) so that, in particular, 
(jki = 1,2,3 satisfy assumptions (f7])-( (^. 61) . For every M > 0, there 
exists T{M) (depending only on M) and the (Cq,) 's with the following 
property. For every $° G Ha such that < M, there exists a 

solution $ G L°°{I,n\) n W^'°^{I,n'A) of the problem 



(2.9) 

with Im = (- 
(2.10) 

Furthermore, 
(2.11) 

(2.12) 



idt<^ - La$ + ^($) = 0, 
$(0,a;) = $°(x) 
T{M),T{M)). In addition. 



1$ 



L°^{{-T{M),T{M))-H\) 



< 2M. 



FAim) < ^a($°) 
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for allte hi = {-T{M),T{M)). 
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Remark. Note that both the equations in ( 12. 9p make sense respec- 
tively in n'^ and in n\. Indeed, since $ G W^'°°{{-T{M),T{M)),n'^), 
by Remark 2.3.10 in [2] easily adapted to our case, $ is continuous 
[-T{M),T{M)] ^ -H'a; and so, since $ e L°°{{-T{M),T{M)),'H\), 
it follows that $ : [-T{M),T{M)] n\ is weakly continuous. Fur- 
thermore, it follows from the duality inequality ||$||£2 < ll'^llw^ ll'^H'W^ 
that $ G (:7([-T(M),T(M)],£2). Furthermore, also (IXTTj) and (l2l^ 
make sense. 

In order to prove the above proposition, we establish the following two 
elementary lemmas. 

Lemma 2.7. Let I G be an interval. Then, for every $ G L°°{I, 'H\)r\ 
W^'^{I,n'A), we have 

\\^{t) - $(s)||£2 < s|^/^ for all s,t E I 

where C = max{||<l'||i^(^^^3^), W \\ (i ,n'^)} 

Proof. The result follows from Remark 2.3.10 in j2] applied to the 
case of X = "H^ and p = oo and the duality inequality ||$||£2 < 
||$||-^^ ||$||^^ (see Remark 2.3.8 (iii) in p] adapted to our case). 

Lemma 2.8. Let for k = 1,2,3 satisfy assumptions in])- li2.6\) . 
Then, after possibly modifying the function C{M) independent of A 
(see Lemma 4-2.5, pag.55 in [2j for A = Q and one equation) 

{i) for all k = 1,2, 3, it holds 

\\hw-hm^.',<c{M)\\^-mi 

for every $, G such that \\'^\\n]^ + \\^\\n\ < M; 
(ii) for all k = 1,2, 3, it holds 

\Gkm-Gkm<ciM)\\^-<i>\\% 

for every $, G such that \\'^\\n\ + \\^\\h\ < M> 
with ak = l-N{^-^) andPk = l- - ^) . 

Proof, (i) follows from (12.51) . the definition of the norm in ^C*, Lemma 
11.21 and Gaghardo-Nirenberg inequality adapted in such case, namely 
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II* - $IU'-fe < C||^ - $||i;"'=||* - ^llji where ak = N{l/2 - l/r^) 
(see [21 Theorem 2.3.7]). (ii) follows from the identity 

Gkm-Gkm= [ ^Gk{s^+{l-s)<l>)ds= [ 0,(s^ + (l-s)<l>),^-$)^, ds 
Jo ""5 Jo ^ 

hypothesis ^ and ||\E' - $||£Pfe < C\\'^ - ^H^a'^'^ ||\E' - $||^\ where 

= N{l/2 — 1/pk)- The fact that the constant C{M) is independent 
of the magnetic field A follows from the uniformity of the constant in 
Lemma 11.21 □ 



Proof of Proposition 12. 6i Following Cazenave the proof pro- 
ceeds in three steps. In the first step, we approximate ^ by a family of 
"regular" nonlinearities. The importance of such regularization proce- 
dure is due to the necessity of obtaining the energy inequality (I2.12p . 
Dealing with the choice of the type of regularization which can be dif- 
ferent for each nonlinearity we deal with, we apply (/ + eLa)'^ so 
that the proof applies to our different nonlinearities c/k, k = 1,2,3 and 
works as well when Q = M^. So we are able to construct approximate 
solutions. In the second step, we obtain uniform estimates on such 
solutions, by using the conservation laws and, in particular, the con- 
servation of energy, in order to pass, in the third step, to the limit in 
the approximate equation. Observe that, even if there is a little bitter 
difficulty in the passage to the limit in the nonlinearity, we can recover 
the conservation of charge by the limiting problem thanks to the global 
regularization. 

Step 1: Construction of approximate solutions. From now on, 
we consider G 'H\ and we set M = ||$°||-^i^. Given a positive integer 
n G N, we define 

so that, for every / G "H^, J^/ G 'H\ is the unique solution of the 
following system 

n 

From the self-adjointness of La, it is possible to deduce the following 
main properties of the self-adjoint operator (see Section 2.4 and 
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Theorem 4.6.1 in Section 4.6 in [2j), namely 

(2-13) \\Jn\\c{H'^,H\) < 

(2.14) \\Jn\\c{x,x) < 1, whenever X = n\,C\H'A, 

(2.15) 

J^<l> -)-„^oo ^ in X, for every $ G X, whenever X = 'H\, C? , H^; 

if $" is bounded in X, whenever X = "H^, "H^, thenJ;f ^0 in X, as n cx). 

From Lemma [2. 4[ we have that 

(2.16) Vn\\ii[cv,cv) < 1, for 1 < p < oo 

We define, for every $ G the approximation of g as 

^„($) = JtWtn = Jniiai +92 + mJn^)) 
= J^iWn^) + Wn^) + Wn^)) 
= JniWn^)) + ^„^fe(4^$)) + J^iWn^)) 
= ^1,„( J^$) + g2,n{Jn^) + ^3,n( $) 

and, for every $ G "H^, the approximation of G 
(2.17) 

G„($) = G(J„^$) = Gi(J„^<l>)+G2(J„^$)+G3(J„^$) = Gi,„(<l>)+G2,n(<f )+G3,„($). 

We observe that from (I2.13P the above definition make sense. Further- 
more, by (I2.13P and (12. Sp . we have that ^„ is Lipschitz continuous on 
bounded sets of £^ and by fl2:T3|) and that G„ G Ci(H^,M) and 
G'^ = (jn- From ([21]), it follows that 

{U'^),i<l>)c2 = (^(J„^<f), J„^<f)£2 = 0, for every $ G C\ 

Therefore, there exists a sequence ($")„gN of functions of C(R, "H^) fl 
C\R,H'^) such that 

.2l8^ fz<l>r-L^$"+^„($") = 0, 

^ ■ ^ [$"(0) = $0. 

Furthermore, 

(2.19) ||$«(t)||^, = ||$0||^, 
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(2.20) 



V 

i 



A{x) <l>"(t) 



+ G„($'^(t)) 



£2 



for all t G 



Step 2. Estimates on the sequence We denote by C{M) 
various constants depending only on M. Remark again that the inde- 
pendence on A follows from the uniformity of the constants involved 
in Lemma 11.21 and consequently Lemmas 12.71 and 12.81 Let 

(2.21) ^„ = sup{r > : ||<l>"(t)||„i^ < 2M on (r,r)}. 
Note that by (IZTij) and d^TB]) . 

(2.22) cjn verifies (j2]) and (12. 5p uniformly in n G N and A. 
Therefore, by (IZTSll 



(2.23) 



sup ||^'riU°°(-r(M),T(A/);W' ) < C(M). 

n&i 



From (I2.2ip and (I2.23P , we can apply Lemma 12.71 so 



(2.24) ||$"(t) -<l>"(s)||£2 < C(M)|^-s|^/^ for all s,t G (-^„,^„,). 



Applying ^Tm . ^TM . Lemma ED (ii), ([221]) and ^TM for s = 0, we 
obtain 



(2.25) 

||$"(i)ll?,i <ll*°ll£2 + 



+ 2 



Gn{^^(t)) - G„(<l>°) 



< + 2 ^ |Gfc,„($"(t)) - G,,„(<l>"(0)) 



fc=i 



<ii$°ii^. +c(M)x:iti 



/3fc/2 



A:=l 



(2.26) < + C(M)|t|^/=' 

where (3 = max{/3fc : /c = 1,2,3} for all t G (— ^^„,6'„). If we define 
T(M) by 
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C{M)T{Mf/'^ = 3M^, 
recalling that H^'^H-h^; it follows from (12.25^ that 

II'^"IIl°°{-T,T;«Jj) < 2M, 

for T = min{T(M), $„}. This implies that T{M) < 6n', and so 

(2-27) \\^'^\\l'^(-t{m),t{m);'h\) ^ 2M, 

and by fl2:23|) 

(2.28) ||$riU-(-r(M),r(M);W^) < C(M). 

Step 3. Passage to the limit. It follows from (12:271) and fl2:28ll 
and Proposition 2.3.13 (i) in |2j adapted to our case that there exists 
$ e L°°{-T{M),T{M); H\) n W^^^{-T{M),T{M)-H'a) and a subse- 
quence, which we still denote by ($") such that for all t G [—T{M)^T{My\, 

(2.29) $"(t) ^ ^{t) in as n ^ oo. 

In addition, by (12:271) and (^TM . LemmalZZl (E22]) and LemmaEH we 

have that ^fc,„($") is bounded in the space C^^''^''^{-T{M), T{M); C^'^) 

for = 1, 2 and A; = 3 for /i e [2, 3) or in the space (:70'°fe('^-2)/2(_T(M), T(M); Cp'") 

for k = 3 and > 3. Therefore, it follows from Proposition 2.1.7 in [2j 

adapted to our case that there exists fk which belongs to C°'"'=/2(-T(M), T(M); M) 

for = l,2andfc = 3for/i e [2, 3) or to (:70'"*(/^-2)/2(_r(M), T(M); M) 

for = 3 and > 3 and a subsequence, which we still denote by 

(^fc,n(*'')) such that for all t G [-T{M),T{M)], 

(2.30) hA^'^it)) ^ fkit) inM,asr2^oo. 

On the other hand, it follows from fl2.18p that for every G 'H\ and 
for every G V{-T{M),T{M)), we have 

.T(J\/) / 3 \ 

/ {- (2$", v[/) 0'(t)-( - ^^,^„($"), vl; \ 0(t)} rft = 

Applying fl2.29p . fl2.30p and the Dominated Convergence Theorem, it 
follows that 
rTiM) 

/ {- (z<l>, ^)^, 0'(t) - (L^$ - /, = 0' 

J-T{M) ^' ^ ^ 
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where / = /i + /2 + /s- This means that $ satisfies 

(2 31) ['^' -LA^ + f = Q, for almost t G {-T{M),T{M)), 
^ • ' |$(0) = $0. 

Now we prove the following crucial result according to which the limit 
problem enjoys the conservation of charge. 



Lemma 2.9. For all t G {-T{M),T{M)), we have %f{t)^{t)) = 
almost everywhere on M^. 

Proof. It's not so different respect to the one in Lemma 4.2.6 in [2]. 
Indeed, it's sufficient to show that for every bounded subsets B of M^, 
we have for every k = 1,2, 3, 



For simplicity, we omit the time dependence and we write 

+ (^,(J„^<l>"),z($ - $")> + (^,(J„^<l>"),z(<l>" - 4^$")) 
+ 4^$"), z( J„^$")> ^„^oo A + B + C + D + E. 

Note first that , by I^M), JniUJn^'')) = hA^"") ^ fk in -C^'S 
hence in CPk(^B). Therefore, A = 0. Next, we observe that ^^(7^$") is 
bounded in C^'^. It follows from I^AM and f l216l) that J^(^fc(J^<l>")) - 
^fe(Jf $") ^ in 7^^, hence in £''^(5). Therefore, 5 = 0. Since by 
(1Z29D . ^ $ in we have ^ $ in £''^(5). Since ^fc(J^$'') 
is bounded in it follows that C = 0. By flCTj) and f l?l6|) . 

$" — t7^$" is bounded in and converges weakly to in "H^. It 
follows that - J^*" -> in Since ^fc(J^<l>") is bounded 

in CP'k{B), it follows that L> = 0. Finally, E = by (EJ]). Hence the 
result. 

□ 

End of the proof of Proposition 12.61 Taking the "H^ — 1-L\ duality 
product of the first equation in (12.31 p with z$, it follows that 

0, for alH G (-r(M),T(M)); 



-r\\^ 
dr 



and so 
(2.32) 
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It follows from ( ICTl) . ( 12:321) and Proposition 2.3.13 (ii) in ^ adapted 
to our case that 

(2.33) in C(-T(M),T(M); £2). 

Applying fl2.27p . fl2.33p and Gagliardo-Nirenberg inequality ( see The- 
orem 2.3.7 in [2j), it follows that 

(2.34) $" -> $ in C{-T{M),T{M); a), for every 2<p< 
It follows from (EH), ( 12J[5|) and (ICTj) that 

J^ihiJn^n) = hA^'^it)) him) in C"'^, for all t E {-T{M),T{M)). 

Therefore, / = ^($) and so, $ satisfies ([23]). f l230|) follows from (12:271) 
and (12. lip from ( I2.32p . It remains to prove (I2.12p . This follows from 
(I2.20p . weak lower semicontinuity of the "H^f^orm and the fact that 
G„($"(t)) G{^{t)) as n ^ cx) by (ICTj) and Lemma ED (ii). This 
completes the proof. 

Before proceeding further, we make the following definition. 

Definition 2.10. In all what follows, we say that we have uniqueness 
for problem Ii2.9\) if the following hold. For every interval J containing 
and for every $° G "H^, any two solutions of Ii2.9\) in L°°{J,'H\) fl 
W^'^iJ,^^) coincide. 

The main result of this section is the following. 

Theorem 2.11. Let A satisfies (A) and (B) and assume (V), (W), 
(g) and (h) so that, in particular, g satisfy assumptions (fT1)- (l2.6p and 
assume that we have uniqueness for problem ( 12. 9p . Then the following 
properties hold. 

(1) For every $° G H\{R^), there exists T*(<l>°), T*(<l>°) > and 

there exists a unique, maximal solution ^ G C((— T^,($°), T*($°)), 7/^)1"! 
C\{-T^{^^),T*{^^)),n'^) of problem / fO) . $ is maximal m 
the sense that if T*{^^) < oo (resp., T*($°) < oo), then ||$(t)||-H\ 
oo, as 1 1 T*($°) (resp., as 1 1 -T*($°) ); 

(2) in addition, we have conservation of charge and energy, that is 

\m)\\c^ = \\^'\\c^ FA{m) = FA{^') 

for allte (-r,(<l>0),T*(<l>0)); 
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Proof. Following Cazenave ||2J, the proof proceeds in two steps. We 
first show that the solution <I> given by Proposition 12.61 belongs to $ G 
C((-r,(<l>0),r*(<l>0)),-H^) nCH(-T.($°),r*(<l>0)),?i::4), and that we 
have conservation of energy. Next, we consider the maximality result. 

Step 1. Regularity. Let / be an interval and let $ G L°°{I,'H\) fl 
W^'°^{I,n'j^) satisfy 

i^t - La^ + gi^) = 0, for alH G / 

We claim that $ enjoys both conservation of charge and energy and 
that $ G C{I,n\) nC^(/,'H^). To see this, consider 

M = sup |||<l>(t)||^i^, tG/}, 

and let us first show that ||$(t)||£2 and F^i^it)) are constant on every 
interval J d I of lenght at most T{M), where T{M) is given by Propo- 
sition [2]6l Indeed, let J be as above and let a,T E J. Let = 
and let \1/ be the solution of ( 12. 9p given by Proposition 12.61 — a) is 
defined on J and by uniqueness, — a) = $(■) on J. By (12. lip and 
(I2.12p . it follows in particular that 

(2.35) mr)\\c2 = m(r)\\c2, i^A(<f (r)) < F^(<f (a)). 

Now let = $(t) and let Z be the solution of ( 12. 9 p given by Propo- 
sition [2]6l Z{- — r) is defined on J and by uniqueness, Z{- — r) = $(■) 
on J. By (I2.12p . it follows in particular that 

FAiHcr)) < FAiHr)). 

Comparing with (I2.35p . this implies that both ||$(t)||£2 and F4($(t)) 

are constant on J. Since J is arbitrary, it follows that 

(2.36) 

\mt)\\c2 = ms)\\c2 and FAim) = FAiHs)), foralls,tG/. 

Furthermore, note that by Lemma [2.71 $ G C*^'^/^(J, £^); and so, by 
LemmaEE](ii), the function t G($(t)) = ELi<^fc(*W) is contin- 
uous / — )■ M. In view of ( I2.36p . it follows that ||$(t)||^i^ is continuous 
7 -> M. Therefore, by Lemma 2.1.5 in [2J for X = 'H\, <^ e C(l,H\), 
and by the equation, $ G C^^I^I-Ca)- 

Step 2. Maximality. Consider $° G H\ and let 
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T*($°) = sup {T > : there exists a solution of I^M) on [0, T]} 
T,(<l>°) = sup {T > : there exists a solution of ([23]) on [-T, 0]} . 

By uniqueness and Step 1, there exists a solution 

$ G C((-T,(<l>0), T*(<l>0)), H^) n Ci((-T,($°), T*($°)), T^:^) 

of (12. 9p . Suppose now that T*($°) < oo and assume that there exists 
M < oo and a sequence tj f T*($°) such that < M. Let 

k be such that + T(M) > r*($°). By Proposition |2S] and Step 1 
and starting from $(tfc), one can extend $ up to tk + T{M), which is 
a contradiction with the maximality. Therefore, ||$(t)||-^i^ — ?■ oo, as 
t I T*($°). One shows by the same argument that if T^,($°) < oo, 
then 11-^1 — oo, as t J, T*($°). Therefore, we have established 
statements (i) and (ii) of Theorem 12.111 

Remark. By Theorem 12. 11^ under a priori uniqueness assumption, we 
have proved the well posedness of problem (12. 9p in 'H\, in particular, 
under assumptions ([1]) through (12.61) on gk for k = 1,2, 3. We recall be- 
low a general sufficient condition for uniqueness by adapting Corollary 
4.2.12 in [2J). It follows that 

^{t) - = z f Tit - s){g{^{s)) - ~gms)) ds, 
Jo 

for all t I , where T{t) is the propagator e~^^^^. By assumptions 
(A) and (B) on the potential and magnetic potentials, adapting the 
result in Yajima [lOj proved for such T{t), we have the following C^-C^ 
estimates 

Proposition 2.12. Let It = [— T, T]. Then, for any p such that 2 < 
p < oo and q conjugate to p, there exists a constant C independent of 
t such that for any v & 

(2.37) \\T{t)v\\c. < -^A\v\\c.. 

Corollary 2.13. The conclusions of Theorem \2.11\ holds true. 

Proof. We have to prove that the uniqueness condition in L°°(J, 'H\) fl 
W^'°°{I ,'H'j^ is fulfilled. The argument follows the line of [21 proof of 
Theorem 4.3.1]. Let I be an interval containing to be chosen suffi- 
ciently small. Let ^, $ G L^{I,'H\) n W^'°^{1 ,1-1^) be two solutions 
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of equation ( 12. 9p . Let and pi the exponents for which the nonhn- 
earity gi verifies the assumptions of Theorem 12.111 Therefore, setting 
A = iv(i - J-) and ^ = iV(i - there exists 5 > such that 

m m 

II* - $IUmwo < ii^i^') - ^($)||^,,^^^,,^ < c(|/| + 1/|^) 11^ 

i=i ' 3=1 

where the first inequahty can be obtained by arguing as in the proof 
of |2l Theorem 3.5.2(ii)], where the property in [2, Theorem 3.2.1] is 
substituted by f|2.37p . the estimate by Yajima. In turn, adding the 
above inequahty over i = 1, . . . ,m and choosing the size of |J| such 
that C(|/| + |/|'') < 1 we get the inequahty 

m 

(1 - C(|/| + |/|^)) 5^ 11^1/ - < 0, 

i=i 

yielding the desired conclusion. □ 



3. Global well-posedness 

We have established the local solvability of the Cauchy problem (12. 9p 
in 7/^. In order to show that the solution $ is global, namely that 
exists for all times, it is sufficient to establish a priori estimates on 
||$(t)||^i^ by using the conservation laws (charge and energy) under 
some appropriate assumptions on the nonlinearities. 

Theorem 3.1. Assume (A), {B), {V), {W), {G) and (h) with 

0<L<^. /i < 2 - - + 4, inf V{x) > 0. 

Let $° G n\{R^) be such that \\^°\\n\ < M and let 

$ G C((-T,(<l>°),T*(<l>°)),H\)nCi((-T,(<l>°),T*($°)),?^^) 

be the maximal solution of problem (12. 9p given by Theorem \2.11\ Then, 
$ is global, namely T*($°) = T*($°) = oo and sup{||$(t)||-^i : t G 
M} < oo. 

Proof. Let Jq = (-T,(<l>0), T*(<l>0)). By Theorem [211] (ii), we have the 
conservation of energy and charge, that is 

||<J>(t)||£2 = ||$l£2 F^($(t)) = F^($0) 
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for all t E lo- From the first equality we have that 

ll*.WIU2 = ll*?IU^ forallj = l,....,m 
and from the second 

- J G{\x\,\^^it)f,...,\^m{t)\') 



Since V is bounded from below we have that 



- - A{x) ) 



£2 



<Co + 2j G{\x\,\Mt)\^,...,\^m{t)\') 

m „ „ 

+ E // W,,{\x-y\)h{\Ut)\)h{\^M)dxdy 



By assumptions (GO)-(Gl), we have that 



J G{\x\, . . . , <kJ \m\' + ^/ E 



m p 



For j = 1, ...,m, by the Gagliardo-Nirenberg inequality we have that: 



i*.wii^.+2<c||$,(i)iiir^iivi*,(i)iiii^, a 



NL 



2{lj + 2y 
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Now let pj = and qj is such that ^ ' ^ 



1 . Applying Young and 



Diamagnetic Inequalities, we obtain 



1 (7'j+2 



<-{ 



I (jlj+2 (l-<T.,)(ij +2) 



-m 



<-{- 



-m 



1j £ 



1 ,C"^ 
< — I m 





2 


j 




(1 


-<Tj)(ij+2) 




2 


j 




(1 


-<Tj)(ij+2) 



4 



^ ^ 4 



L2 

2 

£2 



9i ^ 



Consequently, 



1 (l-aj)(ij+2) 

G(ia:|, \Mt)\', < irii$(t)ii^2 +kJ2-{^^., ' r 



Following the calculations done in Remark 12. 3[ 

m „ „ 



«J=1 

m 

«J=1 



^m?^ V2 2,M ^J^_2L V2 



(29-1) \1 



<C3||$(t)||^i 

Consequently, 



V 2 29fj 



2Af^j( 



1 (29-1) ' 

2 2i3fi , 
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and taking e such that 1 — K ^Xljli ^e'^'j j is positive, we have 

2 



1 (2q-l)' 



2 2(jp 

A 



By the hypothesis on /i, if was unbounded respect to t, by 

the above inequahty we would have a contradiction. So we have proved 
that is bounded respect to t thus proving the global existence 

result 13.11 by standard arguments. □ 

Remark 3.2. We observe in particular that condition Ij < in (G) 
and /i < 2 — i + |f are fundamental for the proof of the above global 
existence result. 



4. Appendix 

Step 1: Construction of approximate solutions (Cazenave- 
Weissler [4J). We present a supposed adaptation of the arguments 
in Cazenave and Weissler [4j (see Theorem 2.1) in the case of systems 
(see Remark 2.7 in [4J) and for A and the arguments in Cazenave- 
Esteban |3] in the case of systems and not necessarily for magnetic 
potentials A of polynomial type and constant magnetic fields B. 
We apply Lemma [L2l i.e., "H^ C and C^' C "H^ in the place of usual 
Sobolev's inequalities and we use suitable estimates of the propagator 
T{t) = e"^*^^. 

By assumptions (V), (W) and (g) and (h), we have that each cji and so 
g belong to C(7/^,7/^). Consider the problem 



(4.1) 



'i9t<l>"-LA<l>" + ^,($") = 0, 
$"(0) = y.e7/i 



where ^„ = ^^=1 gk,n and each of the gk^n is the natural regularization 
for every given type of nonlinearity we deal with as Examples 1, 2 and 
3 in P]. So each gk^n, Gk,n and, by Example 4 in ^„ and Gn satisfy 
all the assumptions in Section 2 of [4j. So we are able to prove the 
following 
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Lemma 4.1. Let M > and ip G "H^i ^"^^^ ^^'^^ \\v\\h\ — ^ ■ Then, 
there exists Tn^A > such that there exist a sequence of func- 

tions of C{[0,Tn^A[,'H\) n C^{[0,Tn^A[,'H'ji) solutions of Further- 
more, for any t G [0, Tn^A[, we have 

(4.2) F^,„,(<f") = FaA^) 

(4.3) l|$"(t)|U. = l|y.|U2 

Proof. We expect that the proof is the same as in Lemma 2.7 in |8] in 
the case of systems which is obtained by Lemma 3.5 in [1] replacing 
usual derivatives by magnetic ones. In particular, since ^„ is a globally 
Lipschitz- continuous nonlinearity, we can apply the classical result on 
T[t) that generates the solution above, contained in the Appendix 
in P] that we recall in the following. 

Remark: Let X be a Banach space and A the generator of a Co 
semigroup T{t). Let F e C(X, X) be Lipschitz continuous on bounded 
sets of X. It is well-known that for any y9 G X, there exists T^s_^{lp) > 
and a unique solution u G C{[0,T^ax], X) of 

(4.4) u{t) = T{t)^ + [ T{t- s)F{u{s)) ds, for t G [0, T^^x)- 

Jo 

Moreover, if T < oo then ||M(t)||max — ^ +oo as t f Tmax- Furthermore, 
the mapping ip — > Tmax(v^) is lower semicontinuous. If T G (0,Tinax(¥') 
and if yj" in X as n -T- oo, then u^n — )■ u^p in C([0, T], X). If X is 
reflexive and p G D{A), then G C[0, T), L)(A)) n C([0, T), X) and 
solves the problem 

Ut = Au + F{u) for t G [0, T^ax) and 'u(O) = 

□ 

Step 2: Boundedness of the existence time. From the conserva- 
tion laws (14. 2 p and (14. 3 P of the approximate problem (14. ip . we show 
that the existence time r„_^ can be bounded from below uniformly with 
respect to G N and A satisfying the Assumptions (A) and (B). 

Lemma 4.2. Let M > and let A satisfy assumptions as above with 
some constants {Ca)a&i'^ ■ Then, there exists T{M) > depending only 
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on M and the (Co) 's such that for all ip G "H^ such that \\f\\n]^ < M 
we have 

(4.5) ll'^'"llLoo([o,T(Af)];^3,) <2M = 2y\\^i^ 

(4.6) ||<l>['|Uoo([o,T(M)];«:,) <C(M) 

Proof. We expect that the proof is exactly the same as in Lemma 2.8 
in [8j in the case of systems by using Lemma [4. II (in particular, we use 
strongly the conservation of energy (14. 2p ). Recall that, in Lemma [L 2 [ 
the constant C is independent on A and by a result like Lemma 3.3 in 
|3| we get uniformity with respect to A. □ 



Step 3: Passage to the limit. The final step is to prove the con- 
vergence of the to a solution of the initial problem. First, we prove 
convergence in C^. 

Lemma 4.3. Let M > and let A satisfy assumptions as above with 
some constants {Ca)a<^N'^ ■ Then, there exists T{M) > depending only 
on M and the (Cq) 's such that for all if G such that Hv^H^i^ < M , 
($")„gpjjv is a Cauchy sequence in C((0, T(M)]; 

Proof. We expect that the proof is the same as in Lemma 2.9 in [8] in 
the case of systems, using Theorem 2, Lemma 2.4, Lemma 2.3 in [8j or 
in general Lemma 3.3 in and Lemma [4.11 □ 

We complete the proof of Theorem 12.111 We denote by $ the limit 
of $" in C((0,T(M)];£2). From Lemma S^l it follows that $ G 
L'^{{-T{M),T{M));H\) and by Lemma Ol $" converges to $ in 
C((0,T(M)];£'') for all r G [2,2*). hence, it follows from a result like 
Lemma 3.3 in g] that ^„($") converges to g{^) in C((0, r(M)]; 7^^) 
and $ solves (14. ip in L°°((0, T(M)]; "H^). Uniqueness is an immedi- 
ate consequence of Proposition 12.121 Conservation laws are obtained 
from the passage to the limit. Indeed, combining Lemma 3.3 in [3] and 
Lemma [4.11 we get 

This shows that $ G C{{<d,T{M)]-H\) and hence $ G ^^((0, T(M)]; ?{^). 
Theorem 12.111 follows from considering the maximal solution corre- 
sponding to the initial datum and the reverse equation. 
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